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We determined the accuracy and precision of 33 objective methods for obtaining a sphero-cylindrical refraction by
comparing predictions with subjective refractions performed on 200 eyes. The top 13 methods were accurate to within 1/8
D at predicting the spherical component of refractive error, and the top 23 methods were accurate to within 1/4 D. The
method of paraxial curvature matching was the most accurate method, closely followed by maximizing the wavefront
quality metrics PFWc and PFCt. Least-squares fitting was one of the least accurate methods. Precision of estimates
ranged from 0.25 to 0.50 D but this may be due to variability in the subjective refractions. All methods except one had a
mean error of less than 1/8 D for predicting astigmatism. Precision for astigmatism ranged from 0.32 to 1.0 D. We
conclude that objective refraction can accurately predict the results of subjective refraction and may be more precise. If

so0, then objective refraction may become the new gold standard for specifying sphero-cylindrical corrections.
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The purpose of a conventional, ophthalmic
refraction of the eye is to determine that combination of
spherical and cylindrical lenses which optimizes visual
acuity for distant objects. The underlying assumption of
refraction is that visual acuity is maximized when the
quality of the retinal image is maximized. Furthermore,
it is commonly assumed that retinal image quality is
maximized when the image is optimally focused. For
these reasons, the endpoint of a subjective refraction is
taken as an operational definition of the term “best
focus” as applied to eyes.

Aberrometers measure all of the eye’s
monochromatic aberrations and display the result in the
form of an aberration map. Since the second order
aberrations of astigmatism and defocus are included in
this map, an obvious strategy is to prescribe the
correcting lens that eliminates second-order aberrations.
Unfortunately, the problem is not solved so easily.
Several studies have shown that eliminating the second-
order Zernike aberrations does not necessarily optimize
the subjective impression of best-focus nor the objective
measurement of visual performance (Applegate,
Ballentine, Gross, Sarver, & Sarver, 2003; Guirao &
Williams, 2003; Thibos, Hong, Bradley, & Cheng,
2002a). Eliminating second-order Zernike aberrations is
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equivalent to minimizing the root mean squared (RMS)
wavefront error, but this minimization does not
necessarily optimize the quality of the retinal image.
Thus a search has begun for alternative metrics of optical
quality that are optimized by subjective refraction.

A variety of problems must be solved when
converting an aberration map into a prescription for
corrective lenses or refractive surgery. One of the most
important factors is the correction factor for the eye’s
chromatic aberration. Objective aberrometers typically
use infrared light, for which the eye has low refractive
power relative to visible light. Optical models of
chromatic aberration across the visible spectrum
(Thibos, Ye, Zhang, & Bradley, 1992) can be
extrapolated to estimate the difference in optical power
of the eye between the measurement wavelength and
some visible wavelength, but it is unclear what
wavelength should be chosen as a reference.
Furthermore, since only one wavelength can be in-focus
at a time, some method is needed to factor in the relative
contribution of all wavelengths, each with a different
amount of defocus and a different visibility (the product
of source radiance and human spectral sensitivity), to the
perception of best-focus.

Another sticky problem is the lack of a universally-
accepted metric of image quality that could be used to
establish objectively the state of optimum-focus for an
aberrated eye. In a separate paper we describe a variety
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of metrics that might serve this purpose. Assuming that
consensus agreement could be achieved for a metric of
choice, one still needs to deal with the fact that the
condition of “best focus™ is a multi-dimensional problem
in optimization. Guirao & Williams (Guirao & Williams,
2003) have described an iterative method for finding the
optimum sphere, cylinder and axis parameters by
simultaneously optimizing a metric of image quality
(Williams, 2003). Other possibilities include an
objective version of the clinical technique of refraction
by successive elimination. A first approximation would
eliminate the bulk of defocus error by correcting the eye
with a spherical lens of power M, the so-called
“spherical equivalent”. Next, the eye’s astigmatism is
corrected with a cylindrical lens, followed by a fine-
tuning of the spherical lens power. This is the basis of
some of the methods described in this paper.

A different kind of problem is to incorporate into the
method the refractionist’s rule “maximum plus to best
visual acuity” (Borisch, 1970). According to this
clinical rule, the spherical component of myopic eyes is
deliberately under-corrected. The amount of under-
correction is not enough to diminish visual acuity, but it
is sufficient to minimize unnecessary accommodation
and to maximize the usable depth of focus (DOF) at
distance and near. These twin goals are achieved by
prescribing a spherical lens power that is slightly less
negative (in the case of myopia) or slightly more
positive (in the case of hyperopia) than the lens required
to make the retina conjugate to infinity. The prescribed
lens conjugates the retina with the hyperfocal point,
which is defined as the nearest point the retina can focus
on without reducing visual performance (Campbell,
1957). Consequently, the eye is left in a slightly myopic
state (Figure 1B), compared to an optimum correction
that would place the retina conjugate to infinity (Figure
1A). In this diagram it is assumed that any astigmatism
has already been fully corrected using the appropriate
cylindrical lens.
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Figure 1. The traditional goal of clinical refraction is to
determine that combination of spherical and cylindrical
corrective lenses which collapses the astigmatic interval and
conjugates the retina with the eye’s hyperfocal point, which lies
closer to the eye by an amount equal to half the depth-of-field
(DOF).

The purpose of this study was to evaluate two
general approaches to converting an aberration map into
a sphero-cylindrical prescription. The first is a curve-
fitting method designed to find the nearest sphero-
cylindrical approximation to the actual wavefront
aberration map. The second method involves a virtual
“through-focus” experiment in which the computer adds
or subtracts various amounts of spherical or cylindrical
wavefront to the aberration map until the optical quality
of the eye is maximized.

We define the sphero-cylindrical equivalent of an
aberration map as that quadratic (i.e. a sphero-
cylindrical) surface which best represents the map. This
idea of representing an aberrated map with a quadratic
surface is a simple extension of the common ophthalmic
technique of representing a quadratic surface with an
“equivalent sphere”. Two methods for determining the
sphero-cylindrical equivalent from an aberration map are
presented below.

Least-squares fitting

One common way to fit an arbitrarily aberrated
wavefront with a quadratic surface is to minimize the
sum of squared deviations between the two surfaces.
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This least-squares fitting method is the basis for Zernike
expansion of wavefronts. Because the Zernike
expansion employs an orthogonal set of basis functions,
the least-squares solution is given by the second-order
Zernike coefficients, regardless of the values of the other
coefficients. The Zernike coefficients can be converted
to a sphero-cylindrical prescription in power vector
notation using egns (1).
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where c,™ is the n order Zernike coefficient of
meridional frequency m, and r is pupil radius. The
power vector notation is easily transposed into
conventional minus-cylinder or plus-cylinder formats
used by clinicians (Thibos, Wheeler, & Horner, 1997).

Paraxial curvature matching

Curvature is the property of wavefronts that
determines how they focus. Thus, a reasonable way to
fit an arbitrary wavefront with a quadratic surface is to
match the curvature of the two surfaces at some
reference point. A variety of reference points could be
selected, but the natural choice is the pupil center. Two
surfaces that are tangent at a point and have exactly the
same curvature in every meridian are said to “osculate”.
Thus, the surface we seek is the osculating quadric.
Fortunately, a closed-form solution exists for the
problem of deriving the power vector coordinates of the
correcting lens from the Zernike coefficients of the
wavefront (Thibos et al., 2002a). This solution is
obtained by computing the Zernike expansion of the
Seidel formulae for defocus and astigmatism. The results
given in equation (2) are truncated at the sixth Zernike
order but could be extended to higher orders if
warranted.
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One way to determine the focus error of an eye (with
accommodation paralyzed) is to move an object axially
along the line-of-sight until the retinal image of that
object appears subjectively to be well focused. This
procedure is easily simulated mathematically by adding
a spherical wavefront to the eye’s aberration map and
then computing the retinal image using standard
methods of Fourier optics. The curvature of the added
wavefront can be systematically varied to simulate a
“through-focus” experiment that varies the optical
quality of the eye+lens system over a range from good to
bad. Given a suitable metric of optical quality, this
computational procedure yields the optimum power M of
the spherical correcting lens needed to maximize optical
quality of the corrected eye. With this virtual spherical
lens in place, the process can be repeated for “through-
astigmatism” calculations to determine the optimum
values of J, and J,5 needed to maximize image quality.
With these virtual astigmatic lenses in place, the last step
would be to fine-tune the determination of M by
repeating the through-focus calculations. However, the
analysis reported below did not include this last, fine-
tuning step. Our computational method captures the
essence of refraction by successive elimination used
clinically by mathematically simulating the effect of
sphero-cylindrical lenses of various powers. That
guadratic wavefront which maximizes the eye’s optical
quality when added to the eye’s aberration map defines
the ideal correcting lens.

To implement the method just described requires a
suitable metric of optical quality. Optical quality can be
defined in many ways. In a companion paper we
describe three general approaches based on wavefront
quality, retinal image quality for point objects, and
retinal image quality for grating objects (Thibos, Hong,
Bradley, & Applegate, 2004). Those methods yielded
31 metrics of image quality that are used in the present
paper to evaluate the techniques of refraction based on
maximizing optical quality.

To judge the success of an objective method of
refraction requires a “gold standard” for comparison.
The most clinically relevant choice is a subjective
refraction performed for Sloan letter charts illuminated
by white light. Accordingly, we used the published
results of the Indiana Aberration Study (Thibos et al.,
2002a) as a database of eyes with known aberration
structure that were subjectively well-corrected by
clinical standards. A brief summary of the experimental
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procedure used in the Indiana Aberration Study is given
below.

Conditions for subjective refraction

Subjective refractions were performed to the nearest
0.25D on 200 normal, healthy eyes from 100 subjects
using the standard optometric protocol of “maximum
plus to best visual acuity”. Accommodation was
paralyzed with 1 drop of 0.5% cyclopentalate during the
refraction. The refractive correction was taken to be that
sphero-cylindrical lens combination which optimally
corrected astigmatism and conjugated the retina with the
hyperfocal point of the eye. This prescribed refraction
was then implemented with trial lenses and worn by the
subject for subsequent aberrometry (I =633 nm). This
experimental design emphasized the effects of higher-
order aberrations by minimizing the presence of
uncorrected second-order aberrations. The eye’s
longitudinal chromatic aberration was taken into account
by the different working distances used for aberrometry
and subjective refraction as illustrated in Figure 2.
Assuming the eye was well focused for 570 nm when
viewing the polychromatic eye chart at 4 m, the eye
would also have been focused at infinity for the 633nm
laser light used for aberrometry.

570 nm
<——— 4 meters

Figure 2. Schematic diagram of optical condition of the Indiana
Aberration Study. Yellow light with 570 nm wavelength is
assumed to be in focus during subjective refraction with a
white-light target at 4 m. At the same time, 633 nm light from a
target at infinity would be well focused because of the eye’s
longitudinal chromatic aberration.

Since all eyes were optimally corrected during
aberrometry (according to the criterion of maximum
visual acuity), the predicted refraction computed from
the aberration map was M = J; = J,5 = 0. The level of
success achieved by the various methods described
above was judged on the basis of precision and accuracy
at matching these predictions (Figure 3). Accuracy in
this context is defined as the dioptric difference between
the population mean refraction and the expected
refraction. For astigmatism this mean value was
computed as a vector sum of the individual data.
Precision is a measure of the variability in results and is
defined for M by the standard deviation of the
population values. For the astigmatic components of
refraction we defined precision as the geometric mean of

the major and minor axes of the 95% confidence ellipse
computed for the bivariate distribution of J, and J,s.
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Figure 3. Graphical depiction of the concepts of precision and
accuracy as applied to the 1-dimensional problem of estimating
spherical power (left column of diagrams) and the 2-
dimensional problem of estimating astigmatism (right column of
diagrams).

Curve fitting

The two methods for fitting the aberration map with
a quadratic surface gave strikingly different results. A
frequency histograms of results for the least-squares
method (Figure 4A) predicted a mean spherical
refractive error of M=-0.39 D. In other words, this
method predicted the eyes were, on average,
significantly myopic when in fact they were all well-
corrected. To the contrary, the method based on paraxial
curvature matching (Figure 4B) predicted an average
refractive error close to zero for our population. Both
methods accurately predicted the expected astigmatic
refraction as shown by the scatter plots and 95%
confidence ellipses in Figure 5.
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Figure 4. Frequency distribution of results for the least-

squares method for fitting the wavefront aberration map with a
quadratic surface. Dilated pupil size ranged from 6 to 9 mm.
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Figure 5. Scatter plots of (A) the least-squares fit of the
wavefront over the entire pupil and (B) paraxial curvature
matching methods of determining the two components of
astigmatism. Circles show the results for individual eyes, green
cross indicates the mean of the 2-dimensional distribution, and
ellipses are 95% confidence intervals. Precision is the
geometrical mean of the major and minor axes of the ellipse.

Metric optimization

Computer simulation of through-focus experiments
to determine that lens (either spherical or astigmatic)
which produces optimum focus are computationally
intensive, producing many intermediate results of
interest but too voluminous to present here. One
example of the type of intermediate results obtained
when optimizing the pupil fraction metric PFWc (Thibos
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et al., 2004) is shown in Figure 6A. For each lens
power over the range —1 to +1 D (in 0.125 D steps) a
curve is generated relating RMS wavefront error to pupil
radius. Each of these curves crosses the criterion level
(I /4 in our calculations) at some radius value. That
radius is interpreted as the critical radius since it is the
largest radius for which the eye’s optical quality is
reasonably good. The set of critical radius values can
then be plotted as a function of defocus, as shown in
Figure 6B. This through-focus function peaks at some
value of defocus, which is taken as the optimum lens for
this eye using this metric. Thus the full dataset of
Figure 6 is reduced to a single number. The calculations
were then repeated for other eyes in the population and
in this way we obtained 200 estimates of the refractive
error using this particular metric. A frequency
histogram of these 200 values similar to those in Figure
4 was produced for inspection by the experimenters.
The histograms were then summarized by a mean value,
which we took to be a measure of accuracy, and a
standard deviation, which we took to be a measure of
precision.

The accuracy and precision of the 31 methods for
objective refraction based on optimizing metrics of
optical quality, plus the two methods based on wavefront
fitting, are displayed in Figure 7. Mean results varied
from —0.50 D to +0.25 D. The top 13 methods were
accurate to within 1/8 D and the top 23 methods were
accurate to within 1/4 D. The method of paraxial
curvature matching was the most accurate method,
closely followed by maximizing the wavefront quality
metrics PFWc and PFCt (Thibos et al., 2004). Least-
squares fitting was one of the least accurate methods
(mean error = -0.39 D). Precision of estimates as
measured by standard deviation ranged from 0.25 to 0.50
D.

A similar process was used to determine the most
accurately methods for estimating residual astigmatism.
We found all methods except one (PFCc) had a mean
error across the population of less than 1/8 D. Precision
ranged from 0.32 to 1.0 D. Mean error was computed as
a vector sum, as indicated in Figure 5. The same vector
method can be extended to include all three parameters
of a power vector representation of refractive error. In
this case, 10 methods had a mean error of less than 1/8 D
and 22 methods had a mean error of less than 1/4 D.
Accuracy was dominated by errors for the spherical
component, so the most accurate methods for predicting
the full spherocylindrical refraction were the same as
those listed in Figure 7. Complete numerical data are
provided in an auxiliary file.
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Figure 6. An example of intermediate results for the through-
focus calculations needed to optimize the pupil fraction metric
PFWec. (A) The RMS value is computed as a function of pupil
radius for a series of defocus values added to the wavefront
aberration function of this eye. The pupil size at the
intersection points of each curve with the criterion level of RMS
are plotted as a function of lens power in (B). The optimum
correcting lens for this eye is the added spherical power that
maximized the critical pupil diameter (and therefore maximized
PFWoc) which in this example is +0.125 D.
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Figure 7. Rank ordering (based on accuracy) of 33 methods
for predicting spherical refractive error. Red symbols indicate
means for metrics based on wavefront qual is ity. Black
symbols indicate mean for metrics based on image quality.
Precision is indicated by error bars which show + 1 standard
deviation of the population. Numerical data are provided in an
auxiliary file.

The least-squares method for fitting an aberrated
wavefront with a spherical wavefront is the basis of
Zernike expansion to determine the defocus coefficient.
The failure of this method to accurately predict the
results of subjective refraction implies that the Zernike
coefficient for defocus is an inaccurate indicator of the
spherical equivalent of refractive error determined by
subjective refraction. On average, this metric predicted
that our subjects were myopic by -0.39D when in fact
they were well corrected.

To the contrary, matching paraxial curvature
accurately predicted the results of subjective refraction.

7

This method is closely related to the Seidel expansion of
wavefronts because it isolates the purely parabolic (r?)
term. It also corresponds to a paraxial analysis since the
r* coefficient is zero when the paraxial rays are well
focused.

Although the results of our study provide valuable
comparisons between various methods for locating the
eye’s far-point, the study is incomplete in several ways.
First, to undertake the data analysis we needed to make
an assumption about which wavelength of light was well
focused on the retina during subjective refraction with a
polychromatic stimulus. We chose 570 nm based on
theoretical and experimental evidence (Charman &
Tucker, 1978; Thibos & Bradley, 1999) , but the actual
value is unknown. A better understanding of why some
methods are more accurate than others might result from
experiments using monochromatic stimuli. In the
companion paper by Cheng et al. (Cheng, Bradley, &
Thibos, 2004), such experiments demonstrate that some
methods are very accurate predictors of best focus for
simulated eyes that are dominated by either 3" or 4"
order aberrations.

Second, all of the image quality metrics reported in
this study are based on monochromatic light.
Generalizing these metrics to polychromatic light might
improve the correlation with the subjective refraction.

Third, it may be unrealistic to think that a single
metric will adequately capture the multi-faceted notion
of best-focus. A multi-variate combination of metrics
may Yield better predictions.

Fourth, conventional subjective refraction
determines the lens that makes the retina optically
conjugate to the hyperfocal point, which lies short of
optical infinity by an amount equal to half the DOF
(Figure 1). If the eye’s DOF is caused by higher order
aberrations (Cheng et al., 2004; Thibos, Hong, Bradley,
& Cheng, 2002b), then it should be possible to use
aberrometry to predict not only the far end of the DOF,
but also the near end and the hyperfocal point in the
middle of the interval. Unfortunately, standard clinical
refractions do not measure the size of the DOF, nor do
they determine the location of the hyperfocal point, so
we are unable to test these predictions quantitatively
using the data from the Indiana Aberration Study.
Nevertheless, there is reason to suspect that the success
of the curvature metric in locating the far side of the
DOF is due to the fact that most of the eyes in the
Indiana Aberration Study population had positive
spherical aberration. Such eyes have less optical power
for paraxial rays than for marginal rays. Consequently,
the retina will appear to be conjugate to a point that is
beyond the hyperfocal point if the analysis is confined to
the paraxial rays. Thus we can understand why our
paraxial curvature method would locate a point beyond
the hyperfocal point, but we lack a convincing argument
for why the located point should lie at infinity. Perhaps
future experiments that include measurement of the DOF
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as well as the hyperfocal distance will clarify this issue
and help identify objective methods for locating the
hyperfocal point.

Judging success on the basis of accuracy is also
subject to criticism. A metric that is precise but
inaccurate could become the metric of choice if a
correction factor can compensate for systematic biases.
The range of standard deviations for predicting M across
all metrics was only 1/8 D (0.29-0.42 D), indicating that
the precision of all metrics was much the same. This
suggests that the precision of objective refraction is
determined by a single, underlying factor. That single
factor might in fact be variability in the subjective
refraction. Bullimore et al found that the 95% limit of
agreement for repeatability of refraction is £ 0.75D,
which corresponds to a standard deviation of 0.375 D. If
the same level of variability were present in our
subjective refractions, then uncertainty in determining
the best correction would have been the dominant source
of error. It is possible, therefore, that all of our metrics
are extremely precise but this precision is masked by
imprecision of the “gold standard” of subjective
refraction. If so, then an objective wavefront analysis
that accurately determines the hyperfocal point and the
DOF with reduced variability could become the new
“gold standard” of refraction.

Numerical data that supports and extends Figure 7 is
provided in auxiliary files.
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